Introduction {#Sec1}
============

Uniform interpolants were originally studied in the context of non-classical logics, starting from the pioneering work by Pitts \[[@CR26]\]. We briefly recall what uniform interpolants are; we fix a logic or a theory *T* and a suitable fragment (propositional, first-order quantifier-free, etc.) of its language *L*. Given an *L*-formula $\documentclass[12pt]{minimal}
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The existence of uniform interpolants is an exceptional phenomenon, which is however not so infrequent; it has been extensively studied in non-classical logics starting from the nineties, as witnessed by a large literature (a non-exhaustive list includes \[[@CR1], [@CR11], [@CR17]--[@CR19], [@CR23], [@CR28], [@CR31], [@CR32]\]). The main results from the above papers are that uniform interpolants exist for intuitionistic logic and for some modal systems (like the Gödel-Löb system and the S4.Grz system); they do not exist for instance in *S*4 and *K*4, whereas for the basic modal system *K* they exist for the local consequence relation but not for the global consequence relation. The connection between uniform interpolants and model completions (for equational theories axiomatizing the varieties corresponding to propositional logics) was first stated in \[[@CR20]\] and further developed in \[[@CR17], [@CR23], [@CR31]\].

In the last decade, also the automated reasoning community developed an increasing interest in uniform interpolants, with particular focus on quantifier-free fragments of first-order theories. This is witnessed by various talks and drafts by D. Kapur presented in many conferences and workshops (FloC 2010, ISCAS 2013-14, SCS 2017 \[[@CR22]\]), as well as by the paper \[[@CR21]\] by Gulwani and Musuvathi in ESOP 2008. In this last paper uniform interpolants were renamed as *covers*, a terminology we shall adopt in this paper too. In these contributions, examples of cover computations were supplied and also some algorithms were sketched. The first formal *proof* about existence of covers in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {EUF}$$\end{document}$ was however published by the present authors only in \[[@CR7]\]; such a proof was equipped with powerful semantic tools (the Cover-by-Extensions Lemma [1](#FPar1){ref-type="sec"} below) coming from the connection to model-completeness, as well as with an algorithm relying on a constrained variant of the Superposition Calculus (two simpler algorithms are studied in \[[@CR15]\]). The usefulness of covers in model checking was already stressed in \[[@CR21]\] and further motivated by our recent line of research on the verification of data-aware processes \[[@CR5], [@CR6], [@CR8], [@CR9]\]. Notably, it is also operationally mirrored in the [MCMT]{.smallcaps} \[[@CR16]\] implementation since version 2.8. Covers (via quantifier elimination in model completions and hierarchical reasoning) play an important role in symbol elimination problems in theory extensions, as witnessed in the comprehensive paper \[[@CR29]\] and in related papers (e.g., \[[@CR25]\]) studying invariant synthesis in model checking applications.

An important question suggested by the applications is the cover transfer problem for combined theories: for instance, when modeling and verifying data-aware processes, it is natural to consider the combination of different theories, such as the theories accounting for the read-write and read-only data storage of the process as well as those for the elements stored therein \[[@CR6]--[@CR8]\]. Formally, the cover transfer problem can be stated as follows: *by supposing that covers exist in theories* $\documentclass[12pt]{minimal}
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                \begin{document}$$T_1\cup T_2$$\end{document}$*?* In this paper we show that the answer is affirmative in the disjoint signatures convex case, using the same hypothesis (that is, the equality interpolating condition) under which quantifier-free interpolation transfers. Thus, for convex theories we essentially obtain a necessary and sufficient condition, in the precise sense captured by Theorem [6](#FPar18){ref-type="sec"} below. We also prove that if convexity fails, the non-convex equality interpolating property \[[@CR2]\] may not be sufficient to ensure the cover transfer property. As a witness for this, we show that $\documentclass[12pt]{minimal}
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The main tool employed in our combination result is the *Beth definability theorem for primitive formulae* (this theorem has been shown to be equivalent to the equality interpolating condition in \[[@CR2]\]). In order to design a combined cover algorithm, we exploit the equivalence between implicit and explicit definability that is supplied by the Beth theorem. Implicit definability is reformulated, via covers for input theories, at the quantifier-free level. Thus, the combined cover algorithm guesses the implicitly definable variables, then eliminates them via explicit definability, and finally uses the component-wise input cover algorithms to eliminate the remaining (non implicitly definable) variables. The identification and the elimination of the implicitly defined variables via explicitly defining terms is an essential step towards the correctness of the combined cover algorithm: when computing a cover of a formula $\documentclass[12pt]{minimal}
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                \begin{document}$$\underline{x}$$\end{document}$. Only after this preliminary step (Lemma [5](#FPar13){ref-type="sec"} below), the input cover algorithms can be suitably exploited (Proposition [1](#FPar15){ref-type="sec"} below).

The combination result we obtain is quite strong, as it is a typical 'black box' combination result: it applies not only to theories used in verification (like the combination of real arithmetics with $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal B$$\end{document}$ of Boolean algebras satisfies our hypotheses (being model completable and strongly amalgamable \[[@CR14]\]), we get that uniform interpolants exist in the combination of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {EUF}$$\end{document}$. The latter is the equational theory algebraizing the basic non-normal classical modal logic system $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{E}$$\end{document}$ from \[[@CR27]\] (extended to *n*-ary modalities). Notice that this result must be contrasted with the case of many systems of Boolean algebras with operators where existence of uniform interpolation fails \[[@CR23]\] (recall that operators on a Boolean algebra are not just arbitrary functions, but are required to be monotonic and also to preserve either joins or meets in each coordinate).

As a last important comment on related work, it is worth mentioning that Gulwani and Musuvathi in \[[@CR21]\] also have a combined cover algorithm for convex, signature disjoint theories. Their algorithm looks quite different from ours; apart from the fact that a full correctness and completeness proof for such an algorithm has never been published, we underline that our algorithm is rooted on different hypotheses. In fact, we only need the equality interpolating condition and we show that this hypothesis is not only sufficient, but also necessary for cover transfer in convex theories; consequently, our result is formally stronger. The equality interpolating condition was known to the authors of \[[@CR21]\] (but not even mentioned in their paper \[[@CR21]\]): in fact, it was introduced by one of them some years before \[[@CR33]\]. The equality interpolating condition was then extended to the non convex case in \[[@CR2]\], where it was also semantically characterized via the strong amalgamation property.

The paper is organized as follows: after some preliminaries in Sect. [2](#Sec2){ref-type="sec"}, the crucial Covers-by-Extensions Lemma and the relationship between covers and model completions from \[[@CR7]\] are recalled in Sect. [3](#Sec3){ref-type="sec"}. In Sect. [4](#Sec4){ref-type="sec"}, we present some preliminary results on interpolation and Beth definability that are instrumental to our machinery. After some useful facts about convex theories in Sect. [5](#Sec5){ref-type="sec"}, we introduce the combined cover algorithms for the convex case and we prove its correctness in Sect. [6](#Sec6){ref-type="sec"}; we also present a detailed example of application of the combined algorithm in case of the combination of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {EUF}$$\end{document}$ with linear real arithmetic, and we show that the equality interpolating condition is necessary (in some sense) for combining covers. In Sect. [7](#Sec7){ref-type="sec"} we exhibit a counteraxample to the existence of combined covers in the non-convex case. Section [8](#Sec8){ref-type="sec"} is devoted to the conclusions and discussion of future work. The extended version of the current paper with full proofs and details is available online in \[[@CR4]\].

Preliminaries {#Sec2}
=============

We adopt the usual first-order syntactic notions of signature, term, atom, (ground) formula, and so on; our signatures are always *finite* or *countable* and include equality. To avoid considering limit cases, we assume that signatures always contain at least an individual constant. We compactly represent a tuple $\documentclass[12pt]{minimal}
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A formula is said to be *universal* (resp., *existential*) if it has the form $\documentclass[12pt]{minimal}
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We now focus on the constraint satisfiability problem and quantifier elimination for a theory *T*. A $\documentclass[12pt]{minimal}
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Covers and Model Completions {#Sec3}
============================

We report the notion of *cover* taken from \[[@CR21]\] and also the basic results proved in \[[@CR7]\]. Fix a theory *T* and an existential formula $\documentclass[12pt]{minimal}
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Lemma 1 (Cover-by-Extensions) {#FPar1}
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A close relationship between model completion and uniform interpolation emerged in the area of propositional logic (see the book \[[@CR17]\]) and can be formulated roughly as follows. It is well-known that most propositional calculi, via Lindembaum constructions, can be algebraized: the algebraic analogue of classical logic are Boolean algebras, the algebraic analogue of intuitionistic logic are Heyting algebras, the algebraic analogue of modal calculi are suitable variaties of modal agebras, etc. Under suitable hypotheses, it turns out that a propositional logic has uniform interpolation (for the global consequence relation) iff the equational theory axiomatizing the corresponding variety of algebras has a model completion \[[@CR17]\]. In the context of first order theories, we prove an even more direct connection:

Theorem 1 {#FPar2}
---------
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The proof (via Lemma [1](#FPar1){ref-type="sec"}, by iterating a chain construction) is in \[[@CR9]\] (see also \[[@CR3]\]).

Equality Interpolating Condition and Beth Definability {#Sec4}
======================================================

We report here some definitions and results we need concerning combined quantifier-free interpolation. Most definitions and result come from \[[@CR2]\], but are simplified here because we restrict them to the case of universal convex theories. Further information on the semantic side is supplied in the extended version of this paper \[[@CR4]\].

A theory *T* is *stably infinite* iff every *T*-satisfiable constraint is satisfiable in an infinite model of *T*. The following Lemma comes from a compactness argument (see  \[[@CR4]\] for a proof):

Lemma 2 {#FPar3}
-------
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A theory *T* is *convex* iff for every constraint $\documentclass[12pt]{minimal}
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Definition 1 {#FPar4}
------------

A convex universal theory *T* is *equality interpolating* iff for every pair $\documentclass[12pt]{minimal}
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Theorem 2 {#FPar5}
---------
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There is a converse of the previous result; for a signature $\documentclass[12pt]{minimal}
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Theorem 3 {#FPar6}
---------

\[[@CR2]\]. Let *T* be a stably infinite, universal, convex theory admitting quantifier-free interpolation and let $\documentclass[12pt]{minimal}
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In \[[@CR2]\] the above definitions and results are extended to the non-convex case and a long list of universal quantifier-free interpolating and equality interpolating theories is given. The list includes $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {EUF}(\varSigma )$$\end{document}$, recursive data theories, as well as linear arithmetics. For linear arithmetics (and fragments of its), it is essential to make a very careful choice of the signature, see again \[[@CR2]\] (especially Subsection 4.1) for details. All the above theories admit a model completion (which coincides with the theory itself in case the theory admits quantifier elimination).
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-----
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Convex Theories {#Sec5}
===============

We now collect some useful facts concerning convex theories. We fix for this section a *convex, stably infinite, equality interpolating universal theory* *T* *admitting a model completion* $\documentclass[12pt]{minimal}
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Lemma 3 {#FPar9}
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The following Lemma supplies terms which will be used as ingredients in our combined covers algorithm:
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-------
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Proof {#FPar11}
-----
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In all our concrete examples, the theory *T* has decidable quantifier-free fragment (namely it is decidable whether a quantifier-free formula is a logical consequence of *T* or not), thus the terms $\documentclass[12pt]{minimal}
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The Convex Combined Cover Algorithm {#Sec6}
===================================
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Remark 1 {#FPar12}
--------
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In our starting formula ([10](#Equ10){ref-type=""}), there are no defined variables. However, if via some syntactic check it happens that some of the existential variables can be recognized as defined, then it is useful to display them as such (this observation may avoid redundant cases - leading to inconsistent disjuncts - in the computations below).
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-------
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Proof {#FPar14}
-----

We only sketch the proof of this Lemma (see the extended version \[[@CR4]\] for full details), by describing the algorithm underlying it. To compute the required terminal working formulae, it is sufficient to apply the following non-deterministic procedure (the output is the disjunction of all possible outcomes). The non-deterministic procedure applies one of the following alternatives.
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Thus we are left to the problem of computing a cover of a terminal working formula; this problem is solved in the following proposition:

Proposition 1 {#FPar15}
-------------
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Proof {#FPar16}
-----
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From Lemma [5](#FPar13){ref-type="sec"}, Proposition [1](#FPar15){ref-type="sec"} and Theorem [1](#FPar2){ref-type="sec"}, we immediately get

Theorem 5 {#FPar17}
---------
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Notice that the input cover algorithms in the above combined cover computation algorithm are used not only in the final step described in Proposition [1](#FPar15){ref-type="sec"}, but also every time we need to compute a formula $\documentclass[12pt]{minimal}
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**An Example.** We now analyze an example in detail. Our results apply for instance to the case where $\documentclass[12pt]{minimal}
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We first make the partition guessing. There is no need to involve defined variables into the partition guessing, hence we need to consider only two partitions; they are described by the following formulae:$$\documentclass[12pt]{minimal}
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Notice that the example shows that combined cover computations may introduce terms with arbitrary alternations of symbols from both theories (like $\documentclass[12pt]{minimal}
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                \begin{document}$$f(x_2+f(x_1+f(x_1)))$$\end{document}$ above). The point is that when a variable becomes explicitly definable via a term in one of the theories, then using such additional variable may in turn cause some other variables to become explicitly definable via terms from the other theory, and so on and so forth; when ultimately the explicit definitions are unraveled, highly nested terms arise with many symbol alternations from both theories.

**The Necessity of the Equality Interpolating Condition.** The following result shows that equality interpolating is a necessary condition for a transfer result, in the sense that it is already required for minimal combinations with signatures adding uninterpreted symbols:

Theorem 6 {#FPar18}
---------
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Proof {#FPar19}
-----

The necessity can be shown by using the following argument. By Theorem [1](#FPar2){ref-type="sec"}, $\documentclass[12pt]{minimal}
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The Non-convex Case: A Counterexample {#Sec7}
=====================================

In this section, we show by giving a suitable counterexample that the convexity hypothesis cannot be dropped from Theorems [5](#FPar17){ref-type="sec"}, [6](#FPar18){ref-type="sec"}. We make use of basic facts about ultrapowers (see \[[@CR10]\] for the essential information we need). We take as $\documentclass[12pt]{minimal}
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Proof {#FPar21}
-----
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The counterexample still applies when replacing integer difference logic with linear integer arithmetics.

Conclusions and Future Work {#Sec8}
===========================

In this paper we showed that covers (aka uniform interpolants) exist in the combination of two convex universal theories over disjoint signatures in case they exist in the component theories and in case the component theories also satisfy the equality interpolating condition - this further condition is nevertheless needed in order to transfer the existence of (ordinary) quantifier-free interpolants. In order to prove that, Beth definability property for primitive fragments turned out to be the crucial ingredient to extensively employ. In case convexity fails, we showed by a counterexample that covers might not exist anymore in the combined theory. The last result raises the following research problem. Even if in general covers do not exist for combination of non-convex theories, it would be interesting to see under what conditions one can decide whether a given cover exists and, in the affirmative case, to compute it.

Applications suggest a different line of investigations. In database-driven verification \[[@CR5], [@CR6], [@CR9]\] one uses only 'tame' theory combinations. A tame combination of two multi-sorted theories $\documentclass[12pt]{minimal}
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A final future research line could consider cover transfer properties to non-disjoint signatures combinations, analogously to similar results obtained in \[[@CR13], [@CR14]\] for the transfer of quantifier-free interpolation.
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